In I we discuss the status of the quantum theoretic formulae for pair production and radiation in the domain of cosmic-ray energies, and the relevance of these processes to an understanding of showers and bursts. In II we give a qualitative estimate of the course implied by the theory for a shower or burst built up by multiplication from a very energetic primary; we then set up the diffusion equations for the equilibrium of electrons and gamma-rays, and show' how these can be simplified. In III we carry through the analytic solution of the diffusion equations, and find the distribution of electrons and gamma-rays as a function of their energy, the primary energy, and the thickness and atomic number of the matter traversed. We treat the effect of ionization losses on the shower, calculate the amount of radiation of low energy to be expected, and treat transition effects in passing from one substance to another. In IV we discuss the results of the calculations, and give a summary of the conclusions to which they lead, and the difficulties.
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N nuclear fields, gamma-rays produce pairs, --and electrons lose energy by radiation. The formulae which have been deduced' from the quantum theory give for the probability of these processes values which, for sufficiently high energies, no longer depend upon the energy of the radiation. Because of this, the secondaries, produced by a photon or electron of very high energy, will be nearly as penetrating as the primary, so that the primary energy will soon be divided over a large number of photons and electrons. It is this development and absorption of showers which we wish to investigate.
The finite limiting cross sections for radiative loss and for pair production essentially limit the penetrating power of electrons and photons; as we shall see, 20 cm of Pb should absorb practically all such radiation if the primary energies are & 10' Mev. From this one can conclude, either that the theoretical estimates of the probability of these processes are inapplicable in the domain of cosmic-ray energies, or that the actual penetration of these rays has to be ascribed to the presence of a component other than electrons and photons. The second alternative is necessarily radical; for cloud chamber and counter experiments show that particles with the same charge as the negative electron belong to the penetrating component of the radiation; and if these are not ' An account of the results and of the theory upon which they are based may be found in Heitler's book, The Quantum, Theory of Ratfiation (Oxford, 1936) , electrons, they are particles not previously known to physics. ' Direct evidence for the approximate validity of the theoretical formulae is provided by the latest studies of Anderson and Neddermeyer' on the energy loss and pair production of electrons of energy up to 400 Mev. This evidence is still incomplete; yet it affords absolutely no indication of a breakdown of the theoretical formulae.
Since there is good evidence from the altitude and latitude curves of cosmic-ray ionization, as well as from the transition curves for showers and bursts, of a component in the cosmic rays which is strongly absorbed and yet has a very high energy, it seems of interest to investigate in detail the consequences which the theoretical formulae imply for the degradation, multiplication and absorption of such radiation. We shall find in this way a model for the building up and absorption of large showers and bursts which in many important respects agrees with what is found experimentally. 4 From this we should like to derive on the one hand a further argument for the qualitative validity of the theoretical formulae, and on the other for the often repeated suggestion that many showers are built up by a long succession ' Thus Williams first suggested that penetrating cosmic rays were protons, positive and negative: E. J. Williams, Phys. Rev. 45, 729 (1934 For bursts of 1000 particles the transition maxima are found' at about twice as great thicknesses, as our rough estimate would suggest.
To set up our diffusion equations, let us write y(t, E)AE for the probable number of gammarays to be found at a thickness t in the energy range 8, E+AB and (P(t, B)AE for the corresponding number of electrons and positrons. Then
The last two terms in (6) can be combined to give the clearly finite result
and give the change in pair distribution which comes directly from the radiative losses of the charged particles. The term in P gives the corresponding change from ionization losses, and the first term on the right in (6) gives the'pair production by y-rays. In (5) the first term gives the absorption of p-rays by pair production, and the second term their replenishment by radiation. These equations are to be solved for the boundary conditions y(t= 0, E) = 0; (P(f= 0, 2) = k(E, Zp); (8) where 6 vanishes except when 8 is in the immediate neighborhood of ZD, and has the in-(P(t, E) = e "(8'z)/(BtBE) with y = e 'z/E. - (-10) It is not possible by differentiation to reduce (6) to a differential equation, because of the occurrence of E in the integrand of (7). We have therefore tried to replace the terms (7) by others, which would lead to a readily soluble system of differential equations, and which would still give a good representation of (7). As we shall see, we can obtain a solution in terms of integrals of elementary functions provided we write in place of (7) 6'(t, «) R~a -d«+b6 (t, E) The reasons for this choice will be apparent as we develop the solution.
From (5) It is of some interest to ask why this should be.
The answer is to be found in the circumstance that for E«E0, our energy distribution curves for (P follow quite closely a 1/E' law as Fig. 4 shows, and as cloud chamber observations suggest that they should. For this law
and for E«Ep, both (7) and (11a) agree in giving
Here primes denote differentiation with respect to E and dots with respect to t. Eq. (12') is to be solved with the boundary conditions
The approximation of replacing (7) 
F"(0)=0; BF"(0)/itt = -P(y).
Since F" 
These are the boundary conditions for F. Any other function 6 which gives an F"-+0 and it F"/itt +0 as~y -~~, leaves them without singularities in the half-plane R(y) )0,and whose limit gives A(E, Ep) =0 for E+Ep, could clearly be used in place of (9). But for the treatment of ionization losses it is convenient to have the first 3 derivatives of 5 vanish as B~Zp.
Let us now carry through the solution for t3 = 0. and for R(y) )0, p) v. The constants tv, X", and the contour C must be chosen to satisfy (13).
It is clear that the integrand of (14) If we multiply (18) by e v&", with R(yp) )5, and integrate over ) from 0 to~, we get Thus the total energy remains constant, as it should, when ionization losses are neglected. For this the condition on the constants in (11) a+9/2=1, is essential.
When t or X are large, then (22) may most conveniently be evaluated by the saddle point method. The approximation here involved is one which corresponds closely to the limitations im-OX MULTI PLI CATIVE SHOWERS posed upon the physical interpretation of our solution by the fluctuations which must be expected in the actual behavior of the radiation from the average behavior given by our diffusion equations. The effect of these fluctuations can be simply formulated by the physically obvious assertion that the addition or subtraction of a thickness of matter corresponding to 5 1 has an even chance of not altering the actual distribution of pairs and gamma-rays. The asymptotic form of (P, y for large t thus gives us results whose accuracy corresponds to the applicability of the diffusion equations themselves.
The unique saddle point of the first term of the integrand of (22) For the treatment of the ionization losses given by the terms in P, it is simplest to return to (14), and write instead
and leave the contour C unaltered. If for F"(')(t) we take (16) (2)) in (2). Then the terms independent of P in s are, for t)+t2) 1. Thus the second term will be damped out for t2 but the first term will persist until t2 1.5 -2, the transition thickness is therefore of this order of magnitude.
For Ep = 2)& 10 Mev, fy = 6 the which for t2 = 0 is just the ionization correction appropriate to (1), and which for t2~~ap-proaches that appropriate to (2). If Z()Z2, p)(p2 and (P is decreased by the transition; if Z2 &ZI., (P is increased. The transient terms which give the transition fall off, relative to the main terms, as
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In Fig. 4 we give typical energy distribution curves for the pairs, for Pb, and a primary energy of 1.5)&10' Mev for t=15, 8, 6, (Fig. 3) It may be helpful to give a brief summary of the general results. For any absorber we measure length (t) in units which are proportional, roughly, to Z'p/A, where Z is the nuclear charge, A the atomic weight, and p the density, and we define the characteristic energy P (see (3)), which varies about like 1/Z. Then, (1) The number of electrons per unit energy is about inversely. proportional to the square of the energy, as long as P&E«EO, t&-', ).
(2) For given energy and t) 1, there are always more p-rays than electrons; where the shower is near its maximum, this 'ratio varies from 1.5 -2.
(3) For E»P, the distribution curves plotted against t are the same for all absorbers.
(4) The number of particles of energy greater than E~)P passes through a maximum for a value of t which increases logarithmically with Ep/8& and is always quite close to lnp Ep/Zy.
(5) The maximum number of particles with an energy less than some small multiple of P is attained for values of t which are slightly smaller than In Ep/P, and decrease slowly with decreasing Z. The total number of particles of energy in this range is about inversely proportional to P, or proportional to Z.
(6) The maximum size of the shower is limited only by Eo with which it increases not quite linearly: thus an increase in Eo by a factor of 100 gives an increase iri shower size of about 70.
(7) If the initial energy Zp is in an incident p-ray, or is divided among a few electrons and gamma-rays, the course of the shower will be essentially unaltered.
(8) Passage of a shower from one material (1) to another (2) will increase the size of the shower if Z2)Z~, decreases it if Z~)Z2. The transition takes place in a thickness t2 1-, '. All of these results apply only for energies Zo above 10' Mev.
In this paper we have altogether neglected the question o'f how such high energy electrons and p-rays can get down through the atmosphere.
How serious this diKculty is we can. see from (32), which tells us that for every electron of energy 2X105 Mev which hits the earth vertically, only 0.15 electron of energy )550 Mev will survive at the earth's surface. This difficulty is made even sharper when we consider the form of the shower curves for great thicknesses t)30, or the showers and bursts reported under very great thicknesses of absorber. In fact, although when we go up far in the atmosphere, the showers, and still more markedly, the bursts, increase more rapidly than the total cosmic-ray ionization, below the atmosphere they do not fall off much more rapidly than this ionization. This suggests that, in addition to primary electrons and perhaps. p-rays, which are able to produce multiplicative showers directly, there is another cosmicray component, slowly absorbed, which is responsible for the continuation of the showers under thicknesses of absorber to which no electron or photon can itself penetrate. Some suggestions which we think relevant to the solution of this problem will be discussed in another paper.
